We show that some Emden-Fowler (EF) equations encountered in astrophysics and cosmology belong to two EF integrable classes of the type d 2 z/dχ 2 = Aχ −λ−2 z n for λ = (n − 1)/2 (class 1), and λ = n + 1 (class 2). We find their corresponding invariants which reduce them to first-order nonlinear ordinary differential equations. Using particular solutions of such EF equations, the two classes are set in the autonomous nonlinear oscillator the form d 2 /dt 2 +ad /dt+b( − n ) = 0, where the coefficients a, b depend only on λ, n. For both classes, we write closed-form solutions in parametric form. The illustrative examples from astrophysics and general relativity correspond to two n = 2 cases from class 1 and 2, and one n = 5 case from class 1, all of them yielding Weierstrass elliptic solutions. It is also noticed that when n = 2, the EF equations can be studied using the Painlevé reduction method, since they are a particular case of equations of the type d 2 z/dχ 2 = F(χ)z 2 , where F(χ) is the Kustaanheimo-Qvist function.
Introduction
Several particular cases of the homogeneous ordinary differential equations (ODEs) of the form
where N > 0, x ≥ 0, and f (x, y), a nonlinear function, have proved to be extremely significant in fundamental topics of astrophysics, atomic physics, and other areas. Their first occurrence was in astrophysics in the particular case N = 2 and f (x, y) a monomial power of y
or, in self-adjoint form
with n = 3 the most natural case, which is known as the Lane-Emden equation. For standard initial conditions y(0) = 1 and y′(0) = 0, there are solutions of (2) representing the Newton-Poisson gravitational potential of stars, such as the Sun, considered as spheres filled with a polytropic gas. This has been first shown in the famous book of Emden [1] written at the beginning of the 20 th century. Emden's book not only summarised the first four decades of research on the self-gravitating stars initiated by Lane in 1870 [2] but also introduced one of the first singular Cauchy problems as represented by (2) , and moreover stimulated further remarkable studies of a whole generation of renowned astrophysicists and mathematicians, such as Eddington [3] , Fowler [4] , and Milne [5] . Furthermore, for negative values of the parameter n, there are important applications in the theory of spherical nebulae and clusters [6] and in the Emden-Fowler form to more terrestrial areas such as pseudoplastic fluids and large deflections of membranes in mechanics [7] . A 'two-parameter' generalisation of the Emden equation was introduced and systematically studied by Fowler [4] d dx
and is currently known as the Emden-Fowler (EF) equation, while the Lane-Emden equation is the particular case of λ = 2. By the change of variables y(x) = z(χ), where χ = 1/x, the EF equation can be written in the standard non-adjoint form
which is the usual form encountered in the literature.
As for the 'three-parameter' generalisation d dx
changes of both dependent and independent variables, thumbnail sketched by Bellman [8] from Fowler's work, reduce it to the standard form
which is equivalent to (5) and so nothing essentially new is added. The Thomas-Fermi model [9, 10] for the electrostatic field in the bulk of a heavy atom originates from Coulomb-Poisson considerations and is expressed by a self-adjoint form of the kind given in (6) although for a non-integer n. In the literature, one can also find an interesting paper on the exact solutions of a four-parameter generalisation of the Lane-Emden equation, although one of the parameters can be scaled to ±1 by scale transformations [11] .
In this work, we are concerned with the EF equation in the standard form
for which we provide a detailed discussion of two important integrable cases corresponding to λ = n−1 2 and λ = n + 1. These choices reduce the EF equation to singleparameter forms, which, however, are the most encountered in astrophysical applications. In some sense, the solution method that we here provide for these cases, in particular for n = 5 and for n = 2 for which we also add the Painlevé reduction, may be considered as complementary to the method of power series solution that is widely used in theoretical astrophysics of the general relativistic isotropic fluid stars, see [12] and references therein. In the past, several authors have dealt with the integrability of the Emden-Fowler and the generalised Emden-Fowler equations through the invariant variational principles and group-invariant techniques [13] , or through admissible functional transformations to Abel's equation of the second kind [14, 15] . Moroever, the authors in [16] developed a theory of quasi-Lie schemes to investigate several equations of Emden type where they obtain the constants of motion by means of particular solutions, which requires a priori knowledge of some particular solution that enables transformation from an Emden equation into a Lie system [17, 18] . In addition, in a paper by Leach and collaborators [19] on generalised EF equations of the form y′′ + f (x)y n = 0, closed-form solutions have been obtained for some of the special cases of f (x) for which the equation possesses one or two Lie point symmetries.
Before proceeding with the main part of the paper, we mention the two particular cases of (8) . First, for λ = 0 we obtain
which is transformed to
by using t = ln χ. The second particular case is λ = n − 1, which leads to
and using again t = ln χ simplifies to
Moreover, by letting z = θe t , we obtain
Equations (10) and (13) were discussed previously in detail by Fowler [4, 20] and will not be of interest here.
Self-Adjoint and Invariant Forms
The self-adjoint form of (8) is obtained by changing the variables according to z(χ) = η(ξ ) and ξ = 1 χ , which leads to
On the other hand, an invariant form of (8) (8) , while for λ = n + 1, the power of s is zero. Thus, it does not appear to be a coincidence that in 1984 when Rosenau [21] was interested in the integration of (8), he provided two algebraic methods of integration when the same conditions between the powers of the variables are satisfied: λ = n−1 2 or λ = n + 1. Thus, both cases will be considered in detail, for which we will construct the integrals of motions and write parametric solutions using a general formalism.
To proceed with the general solutions for these two classes, first let us assume that, if we have a particular solution z p (χ) of (8), then we can construct a general solution z(χ) = z p (χ) (χ), where (χ) must satisfy the ODE
Case
which has a particular solution
To construct the integrals of motion, we first put (17) in self-adjoint form to obtain d dξ
In 1970s, Djukic [22] was first to find the integrals of motion for (19) using a generalised Noether theorem. He obtained
which in terms of the original variables of (17) turns into dz dχ
The invariant method may have advantage over the original equation because one may obtain more easily the solution by solving a first-order ODE instead of solving a second-order one.
Using the invariant form (15) with λ = n−1 2 , we obtain
which is the same as (17) . Thus, its invariant is dw ds
By using the original variables, the invariant (23) is exactly (21) up to some arbitrary integration constant.
Since we know z p according to (18) , (16) reduces to
The damping term can be eliminated using t = ln χ and gives
with one solution found by Fowler [23] (t) = ⎡ ⎢ ⎣2(n + 1)
(26) By combining (26) and (18), the particular solution to (17) is
2.2 Case λ = n + 1
which has the particular solution
To construct the integrals of motion, we will proceed in reverse order, by using first the invariant transformation, and then the canonical variables. Using λ = n + 1 in (15), we have
The integral of motion is easily obtained by multiplying by w s and integrating to get
which in terms of the original variables of (28) becomes
Using the canonical variables, (28) is
with invariant
Since we know z p , according to (16) we obtain
and by using t = ln χ we obtain
A particular solution of this equation can be obtained using the factorisation technique of Rosu and CornejoPérez [24] . The factored form of (36) is
This leads to
which is a Bernoulli equation with the kink solution
By combining (39) and (29) , the particular solution to (28) is Equation (17) is the same as (4) in Section 2.3.1-2 of Polyanin's book [25] . Depending on n, there are two sets of parametric solutions, namely
, while if n = −1, ψ(τ) = 2 ln |τ|.
Case λ = n + 1
Equation (28) is the same as (3) in Section 2.3.1-2 of Polyanin's book [25] . Therefore, depending on n again, there are also two sets of parametric solutions. When n ̸ = −1, we have
,
while for n = −1 we have
Examples
We will present three examples, choosing n = 2 and n = 5 for the first class while taking n = 2 for the second class. The case n = 5 occurs in astrophysics of stars treated as gas spheres, while for n = 2 the Emden-Fowler equations are particular cases of equations of the type
which describe perfect fluids in shear-free motion in general relativity as shown by Kustaanheimo and Qvist already in 1948 [26] . These authors obtained the remarkable result that (44) is integrable when the function F takes the form
for arbitrary constants α 1 , α 2 , and α 3 , a result that was later also found by [19] 
Reduction to Painlevé Equations
The necessary condition for a second-order equation
for nonappearance of movable branch points is that the nonlinearities are polynomials, i. 
To proceed with the integrability of this equation, we perform the Painlevé transformation [28] 
where the functions λ, , ϕ are to be found in such a way that W satisfies a Painlevé or an elliptic equation. By using this ansatz in (47), we obtain
where
Since we have the form given by (44), a 1 = a 0 = b 3 = b 1 = b 0 = 0, and n = 2, which gives the particular case A = C = 0. Equation (49) reduces to
which simplifies to
This will reduce further to
by choosing
λ can be found by integrating once the first equation of the system (54)
and substituting into the last equation of the system (54) to obtain
Using (56) in (55) and by one more integration, we obtain
Lastly, using the second equation of the system (54), together with (56), we find
Since we know λ and µ, the free term of (52) becomes
For the Kustaanheimo-Qvist function (45), we find
which leads to the constant S given by
and implies that the general solution is a Weierstrass elliptic function. The solutions of (53) are free from movable points only when the function S(χ) is of the linear form, which by a trivial change of the variables takes one of the following three standard forms:
If S is not a constant, the general solution is a Painlevé transcendental function. The last case in (62) is usually known as P I , the first of the six classes of Painlevé type equations. For more details on this Painlevé pattern of solutions, with application to non-static, radially symmetric distributions of matter in general relativity, we refer the reader to Wyman's Jeffery-Williams lecture, 1976 [29] .
The n = 2 Emden-Fowler Equation of the First Class
Following our setting, we will study in detail the EmdenFowler equation
The integral of motion is obtained from (21) using n = 2 and A = 
which has a rational solution provided that 1 = 0, given by
The particular solution of (63), which is also given by (27) , is exactly (65).
To find the general solutions, we use the system (41) with n = 2, and we obtain 
Θ(τ) is obtained by inverting the elliptic equation
which is put in standard form using the scale-shift transformation
to become
The germs of the Weierstrass function are given by
and together with the modular discriminant
are used to classify the solutions of (70) [30] . 192 , the Weierstrass solutions can be simplified since ℘ degenerates into hyperbolic or trigonometric functions. (a) K 3 = 0 ⇒ g 2 > 0, g 3 < 0, so (70) has the soliton solution
Let g 2 = 12ê 2 > 0,
The Weierstrass ℘ solution to (70) reduces to
Sinceê = 1 48 > 0, the Weierstrass solution is
and using (69) we obtain
Let
The Weierstrass ℘ solution reduces to
Sinceẽ = 1 48 > 0, the Weierstrass solution gives
If ∆ ̸ = 0, in general the Weierstrass solutions cannot be simplified, with the exception of a particular lemniscatic case for which g 2 > 0,
. In this case, we obtain
Because ∆ = 
which becomes
, 0
Using these results, the solution (83) is
(87) For all other values of K 3 , one obtains the solutions in terms of the general ℘ functions, which take the form
By inverting all of the above solutions in order (and keeping the only real and positive branches with positive argument), we obtain 
By using (59), this case reduces to the elliptic equation
The n = 2 Emden-Fowler Equations of the Second Class
Here, we consider our solution method for the EmdenFowler equation
Using the transformation z(χ) = 
whose integral of motion is
In terms of the original variables, this invariant becomes
Using A = −1 with n = 2, a particular solution can be found using (40), which gives
The same solution verifies the invariant when 3 = 0. To find the general solutions, we use the system (42), which gives
Since A = −1, a 3 = ∓ 2 3 b, and by redefining ±aC 1 = C 2 , the parametric general solutions of (92) are found from the system
where τ(Θ) satisfies the reduced elliptic equation
which is a particular case a 3 = ±1, a 2 = a 1 = 0, and a 0 = 1 of (68). The Weierstrass germs are g 2 = 0 and g 3 = − (99) is given by the simplified equi-anharmonic case, and takes the form
Inverting and using (98), we have
Using (56)-(58), we have
The n = 5 Emden-Fowler Equation of the First Class
In 1907, Emden reviewed the theory of polytropic gas spheres (stars in astrophysics) and studied equations of the form [1]
which belongs to the first class if one chooses n = 5. Letting A = 1 in (17), we obtain
Notice that this particular solution leads to the solutions given by the system (107) when Θ 0 = 0. Solutions in terms of Jacobian and Weierstrass elliptic functions for this important case in astrophysics have been obtained only recently by Mach [33] .
Conclusion
In summary, we have analysed the two integrable classes of Emden-Fowler equations for which the power parameters of the independent and dependent variables are related through λ = (n − 1)/2 and λ = n + 1. For these cases, the parametric solutions were written explicitly following Polyanin and Zaitsev [25] . As particular examples, we have presented the astrophysical case λ = 2, n = 5 belonging to the first class, and two n = 2 cases that describe perfect fluids in general relativity, one with λ = 1/2 belonging to the first class and another one with λ = 3 from the second class, including their solutions in terms of Weierstrass elliptic functions or simpler reductions thereof. The n = 2 Emden-Fowler equations have been also presented as particular cases of an equation to which Ince's method of Painlevé reduction can be applied.
Since in general we cannot obtain closed-form solutions from parametric solutions (some parameters are impossible to eliminate), we shall resort to calculating invariants or using transformations that represent an analog of classical invariant theory. This will make the new equations integrable without using the two conditions between λ and n, since the case n = 2 can be always reduced to one of three Painlevé transcendents. Finally, we noticed that there are many other cases with potential applications, such as those with negative n such as Ermakov equation, that belong to these two integrable classes, and that can be approached along the lines presented in this paper.
